Introduction
This paper is concerned with the linear theory of the generalized thermodynamics for the micropolar porous media.
The micropolar elasticity theory has been established by Eringen [1] [2] [3] [4] and is of fundamental interest in a lot of cases for which the classical theory of elasticity is inadequate. Other related results have been obtained in [5] [6] [7] .
A general theory of materials with voids has been developed by Cowin and Nunziato in [8] [9] , by using the concept of distributed body introduced in [10] . In this theory, the matrix material is elastic and the interstices are void of material. In this context, the bulk density is written as the product of two fields: the material density field and the volume fraction field. The intended applications of this theory are to geological materials (like rock and soils) and to manufactured porous materials (like ceramics and pressed powders).
In a previous paper [11] , we studied the thermodynamic theory of micropolar porous materials by using the theories developed in [1] [2] [3] [4] , [6] and in [8] [9] . This study was based on a generalized theory of thermoelasticity including the heat flux vector in the set of the constitutive variables. In [11] , we also derived the corresponding linear theory.
In the present work, starting from the basic equations established in [11] , we state two variational characterization (of Biot and Hamilton types, see [12] , [13] ) of the initial-boundary value problem. In final part, we also derive a reciprocal relation for the problem in concern by using convolution in time (fundamental results, in this context, have been obtained by D. Graffi [14] ) and Laplace trasform.
Basic Equations
Throughout this paper, by Ω and ∂Ω we shall denote the region and its boundary of the physical 3-dimensional space (≡ ℜ 3 ) occupied by an elastic solid in a given reference (unstressed) state and I = [0, +∞). We refer the motion of the body to a fixed orthonormal frame in ℜ 3 . We shall denote the tensor components of order p ≥ 1 by Latin subscripts, ranging over {1, 2, 3}. Summation over repeated subscripts is implied. Superposed dots or subscripts preceded by a comma will mean partial derivative with respect to the time or the corresponding coordinates.
On the basis of the linear theory established in [11] , the behaviour of a micropolar porous thermoelastic body is governed by the following local balances of momentum, equilibrated force and energy
where T ij , M ij stress and couple stress tensors;
h i , g equilibrated stress vector, intrinsic equilibrated body force;
η, q i entropy and heat flux vector.
These are the dependent variables of the theory, needing a constitutive equation.
Further, ρ is the bulk mass density, f i the body force, ℓ i the body couple, J ij the micro inertia tensor, χ the equilibrated inertia, ℓ the extrinsic equilibrated body force, r the strength of the internal heat source and θ 0 the (constant > 0) temperature in the reference state; ǫ irs is the alternating symbol.
Finally, u i , φ i and ϕ, along with the temperature θ (measured from θ 0 ), are the thermokinetic variables of the theory: u i represents the displacement, φ i the microrotation, ϕ the change in volume fraction from the reference configuration.
The constitutive equations for (1) are [11] T
Here, E ij and Ψ ij are the deformation and wryness tensors defined by
We shall consider a homogeneous body; in this case, the coefficients in (2) are all constants; it can also be proved [11] that the following symmetry relations follow
and that the conductivity tensor K ij is inversable.
Note that applying the operator 1 + τ ∂ ∂t to the energy equation, by (2 5,6 ) we get an evolution equation for θ of hyperbolic type
By insertion of (2, 3) into (1 1,2,3 , 5), we obtain the complete system of (coupled) field equations for u i , φ i , ϕ and θ.
Let us denote four pairs of disjoint and complementary subsets of the (smooth) boundary ∂Ω by {Σ i , Σ i+1 } with i = 1, 3, 5, 7 and denote the outward unit normal to ∂Ω by n j .
To the system of field equations (1 1,2,3 , 2 , 5) we add the following initial-boundary
where right-hand terms stand for (sufficiently smooth) assigned fields; along with f i , ℓ i , ℓ and r, these are the data of the mixed problem considered. An array field (u i , φ i , ϕ, θ) meeting all equations (1 1,2,3 , 2, 5, 6, 7), for some assignment of the data, will be referred to as a (regular) solution of this.
The uniqueness of solution to the above problem has been established in [11] .
Variational principle I
In this section, following [15] , we establish a variational theorem of Hamilton type.
We introduce (see also [11] ) the kinetic energy K and the free energy ψ
We can prove the following
Variational principle I Let t 1 and t 2 be arbitrary instants of time in I and assume that i. the symmetry relations (4) hold;
ii. K ij and J ij are symmetric tensors.
Then, for arbitrary variations in u i , φ i , ϕ, θ such that
and the functions f i , ℓ i , ℓ, η, r, t * i , m * i , h * , q * , t 1 and t 2 being kept unchanged, the following variational equations
are satisfied if and only if are verified the field equations (1 1,2,3 ) and (5). In the above equations we put T = θ + θ 0 (the absolute temperature) and p ≡ ∂ ∂t .
Proof. We can remark that, under the conditions (9), the variation of the kinetic energy is
Moreover, using (8 2 , 2, 3, 4, 7, 9, 10) and the divergence theorem, we can obtain
Taking into account (13) and (14), the variational equation (11) can be rewritten as
This equation holds if and only if (1 1,2,3 ) are satisfied.
From (2 6 ) and (10) it follows that
where p has been treated as a constant [12] .
Thus, (12) can be written as
This equation holds if and only if (5) is satisfied.
Variational pinciple II
Following [12] , we introduce the entropy flow vector s i by
and by (1 4 , 2 5 ) we geṫ
In the following, we shall consider prescribed f i , ℓ i , ℓ and r in Ω, and
, θ on Σ 7 and q i on Σ 8 . Moreover, we also consider s i assigned on Σ 8 .
If we assume that K ij is symmetric and denote its inverse by K ij = K ji , we set
so the variation of this functional due to variation of s i is
Here, p is used as in section 3.
We now introduce the following functional
If we consider variations of V due to variations of u i , φ i , ϕ, θ and use (8 2 ), the constitutive equations and the symmetry relations (4), we obtain
Moreover, we define the following functional
, by (7) we can write
and, from the divergence theorem and (3, 4, 15), we get
Finally, we put
so, assuming the tensor J ij symmetric, the variation of this functional is
Thus, we can obtain the following variational theorem (of the Biot type)
Variational pinciple II Let us prescribe f i , ℓ i , ℓ and r in Ω, and T ij , M ij , h i , and θ on Σ 2 , Σ 4 , Σ 6 , Σ 7 , respectively, and assume that i. the symmetry relations (4) hold;
Then, for every δu i (= 0 on Σ 1 ), δφ i (= 0 on Σ 3 ), δϕ (= 0 on Σ 5 ), δs i (= 0 on Σ 8 ), the following equation
yields the field equations (1 1,2,3 , 5).
Proof. By (16, 17, 18, 19) we can write
Vanishing of this expression for arbitrary δu i , δφ i , δϕ, δs i of course implies the field equations 1 1,2,3 ; further from the last term in the integral above, we get
If we multiply the above equation by K hi and derive with respect to the i-th coordinate, we can easily deduce the field equation (5) from (15) . This completes the proof.
Reciprocity
Let us denote by a * b the time convolution of the scalar fields on Ω × I
Let us consider the body subjected to two different sets of data
and null initial conditions and let be
the corresponding solutions. Moreover, we define T
by means of (2) for each α = 1, 2.
We prove the following theorem
Reciprocal Theorem Let U (α) be solutions corresponding to different sets of data T (α) ( α = 1, 2), and assume that i. the symmetry relations (4) hold;
Then, the following relation holds
where
If we integrate this equation over Ω and use the divergence theorem and boundary conditions, we get
Finally, we obtain the desired equation (20) by inverting (22) and using the convolution theorem for Laplace transforms.
